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1. Introduction
Let X = (X,d) be an inﬁnite metric space, and let C(X), U (X), Q (X), P (X), and B∗1(X) denote the sets of all functions
f : X → R that are continuous, with a closed graph, quasicontinuous, piecewise continuous, and Baire-one-star functions,
respectively (the deﬁnitions of the latter three symbols are given below). All these sets consist of Baire class 1 functions
[6,10].
If F , G are nonempty subsets of RX , then F + G := { f + g: f ∈ F , g ∈ G}, and F · G := { f · g: f ∈ F , g ∈ G}. We
also write FG instead of F ∩ G; notice that FG = F · G in general. For a function f : X → R the symbols C( f ) and D( f )
(= X \C( f )) denote the sets of continuous and discontinuous points of f , respectively. The function f is piecewise continuous
if there is a sequence (Xn) of closed subsets of X such that X =⋃∞n=1 Xn and all the restrictions f |Xn are continuous. The
function f is said to be quasicontinuous [9, p. 526] (and Baire-one-star, resp.) if for every x ∈ X there is a sequence (xn)
in C( f ) such that xn → x and f (xn) → f (x) as n → ∞ (and for every nonempty closed subset F of X the interior of C( f |F )
is not empty, resp.).
It is known [6, Lemma 2.3] that U (X) ⊂ P (X), and that B∗1(X) ⊂ P (X) with the equality B∗1(X) = P (X) for X com-
plete [10, Theorem 2.3].
In this paper we consider the problem of decomposing a given “bad” function f : X → R into a sum of two “nice”
functions. For example, a classical result of Lindenbaum [12] asserts that every function f : R → R is a sum of two Darboux
functions (i.e., mapping intervals onto intervals):
RR = D + D
(here D denotes the set of all Darboux functions on R).
Within the last ﬁfteen years a series of similar results were obtained (see [2–5,8] for decompositions into sums of
quasicontinuous or closed graph functions). We list below only a few of them. In 2002 Borsík [5, Theorem 2] showed that
P (X) = U (X) + U (X). (1)
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Baire class 1 functions on X .)
Earlier, in 1999, Borsík, Doboš and Repický proved that, for X separable, every Baire-one-star function on X is a sum of
three quasicontinuous functions with a closed graph:
B∗1(X) ⊂ Q U (X) + Q U (X) + Q U (X) (2)
[6, Theorem 4.1], and that B∗1(X) is a linear subspace of RX with the equality
B∗1(X) = P (X) = lin
(
Q U (X)
)= Q U (X) + Q U (X) + Q U (X) (3)
for X a Polish space [6, p. 680 and Theorem 2.5]. Hence, by (1), we have additionally
B∗1(X) = U (X) + U (X) for X a Polish space. (4)
In [6, Remark 2.8] the authors show that B∗1(X) = Q U (X)+ Q U (X) for X = R; hence, by (3), the set Q U (X)+ Q U (X) need
not be a linear subspace of B∗1(X), in general (however, if the metric d on X is discrete then we evidently have Q U (X)
(= RX ) = B∗1(X)).
Moreover, in [6, Problem 2.9] the authors ask us to characterize the set Q U (X) + Q U (X). Using some ideas from the
paper by Borsík, Doboš and Repický [6] we shall show in Theorem 1 below that if the set D( f ) of f ∈ RX is “relatively small”
(at least closed, separable and nowhere dense), then f is a sum of two quasicontinuous functions with a closed graph. For
this purpose we deﬁne a class B#1 (X) consisting of the functions f ∈ RX that are continuous or fulﬁl the following three
conditions:
(t1) the set D( f ) is separable,
(t2) the restriction f |D( f ) is continuous,
(t3) limu→x | f (u)| = ∞ for every x ∈ D( f ) (i.e., by condition (t2), for every x ∈ D( f ) there is a sequence (un) of continuity
points of f such that | f (un)| ↑ ∞).
Remark 1. From the conditions (t2) and (t3) it immediately follows that for every f ∈ B#1 (X) the set D( f ) has empty
interior (i.e., C( f ) is dense in X ), with the convention that f |∅ is continuous. This simple observation allows us to indicate
two nontrivial examples of elements of B#1 (X):
(a) every discontinuous f : X → R with a closed graph and D( f ) ﬁnite;
(b) every function f F of the form f F (x) := 1/dist(x, F ) if x /∈ F , and f F ≡ 0 on F , where F is an inﬁnite, closed, separable
and nowhere dense subset of X .
This example applies to the case X a nonseparable Banach space and F a (linear) separable and closed subspace of
X : here dist(x, F ) equals the norm ‖[x]‖ of the element [x] = x + F of the quotient space X/F ; a classical example is
X = ∞ and F = c0. See also Remark 3 and Lemma 2 in Section 3, which provide more examples showing the class
B#1 (X) is suﬃciently rich.
Remark 2. In the proof of our Theorem 1 we shall use essentially the fact that for every function f ∈ B#1 (X) the set D( f )
is closed. This is a particular case (i.e., a consequence of conditions (t2) and (t3)) of a more general situation presented in
Lemma 1 of Section 3. The lemma applies also to functions g : X → R with a closed graph (giving D(g) closed), which was
discovered in 1964 by Kostyrko and Šalát [11], and generalized in 1985 by Doboš [7, Theorem 3].
2. The main result
Our main result reads as follows.
Theorem 1. Let X be an inﬁnite metric space. Every element f ∈ B#1 (X) is a sum of two quasicontinuous functions on X with a closed
graph, i.e.,
B#1 (X) ⊂ Q U (X) + Q U (X). (5)
Moreover, the above inclusion is proper for X = R (here Q U (R) ⊂ B#1 (R)); in this case, by (3), B#1 (X) is a proper subset of B∗1(X).
We shall show now that, in a sense, inclusion (5) is optimal: if B#1 (R) in (5) is replaced by a natural superset, the
inclusion becomes false. For this purpose consider the set B∗∗1 (X) of all the functions f : X → R that are continuous on D( f ).
This set was deﬁned and studied in 2000 by Pawlak [13] who proved, among other things, that for every such a function f
the set D( f ) is nowhere dense, that f is continuous on the closure cl(D( f )), and that B∗∗(R) is a proper subset of B∗(R)1 1
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Then, by deﬁnition, we have the equality
B#1 (X) = B∗∗1 (X) ∩ t3(X) for X a Polish space.
It is easy to see that B#1 (R) is a proper subset of B
∗∗
1 (R), as the latter set contains bounded discontinuous elements. Let
f0 ∈ B∗∗1 (R) denote the characteristic function of the singleton {0}. It is known [6, Remark 2.8] that f0 /∈ Q U (R) + Q U (R);
this proves the inclusion (5) cannot be extended to the superset B∗∗1 (X) of B#1 (X), in general: B∗∗1 (R) ⊂ Q U (R) + Q U (R).
An application of Theorem 1 to the function g = ln f gives immediately
Theorem 2. Let X be a metric space, and let f be a strictly positive function on X that fulﬁls the above conditions (t1) and (t2). If
limu→x f (u) = ∞ or limu→x f (u) = 0 for every x ∈ D( f ), then f is a product of two strictly positive quasicontinuous functions on X
with a closed graph.
From Theorems 1 and 2 we obtain the following corollary.
Corollary 1. Let X be a metric space, and let f be a strictly positive function on X that fulﬁls the above conditions (t1) and (t2). If
limu→x f (u) = ∞ for every x ∈ D( f ), then f = g1 + g2 = g3 · g4 , where g1, g2, g3, g4 are quasicontinuous functions on X with a
closed graph.
Remark 3. In 2006 Stron´ska [15, Theorems 1, 3] proved that if f : Rm → R is almost continuous (i.e., D( f ) is of Lebesgue
measure 0 on Rm) then f has two decompositions: f = f1 + f2 = c+ f3 · f4, where c ∈ R and f1, f2, f3, f4 are the so-called
strongly continuous functions on Rm . However, if the set D( f ) is of positive Lebesgue measure on X = Rm , Stron´ska’s result
becomes useless. Nevertheless our Theorem 1 still admits a decomposition of f into “nice” functions as long as f fulﬁls
conditions (t1), (t2), (t3). This is so, e.g., for the function f F ∈ B#1 (R) deﬁned in Remark 1(b) with F = Cp ⊂ [0,1], where
Cp is a Cantor-like set of Lebesgue measure 0 < p < 1.
3. The set B#1 (X)
In Remark 1 we have noticed that for every function f ∈ B#1 (X) the set D( f ) has empty interior. In this section we give
a few additional informations about the elements of B#1 (X).
The lemma below generalizes similar results for f ∈ U (X) obtained earlier by Kostyrko and Šalát [11], Baggs [1] (for X a
metric space), and by Doboš [7, Theorem 3] (for X a topological space), and it will be applied in the proof of Theorem 1.
Lemma 1. Let X be a metric space, and let f : X → R be a discontinuous function such that
lim
u→x | f (u)| = ∞ for every x ∈ D( f ). (6)
Then the set D( f ) is closed. In particular, this property possesses every discontinuous function f ∈ B#1 (X) ∪ U (X).
Proof. Assume the conclusion is false. Fix an element x in the set
cl
(
D( f )
) \ D( f ) = cl(D( f ))∩ C( f ), (7)
and let (x j) be a sequence in D( f ) such that
lim
j→∞dist(x j, x) = 0. (8)
By (6), there is a sequence (u j) in X such that
lim
j→∞
dist(u j, x j) = 0 and
∣∣ f (u j)∣∣ 1+ ∣∣ f (x)∣∣ for all j’s. (9)
From (8) and the ﬁrst condition in (9) we obtain u j → x as j → ∞, but since, by (7), x is a continuity point of f , from the
second condition in (9) we obtain a contradiction: | f (x)| 1 + | f (x)|. The contradiction implies the set D( f ) is closed, as
claimed.
The particular case for f ∈ B#1 (X) follows immediately from condition (t3); and if the graph of f is closed, f is neces-
sarily unbounded on every neighbourhood of any discontinuity point of f . 
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1 (X) consisting of the elements f such that f |D( f ) ≡ 0. From Lemma 1, and from the
Tietze extension theorem and the axiom (t2) it now follows that every f ∈ B#1 (X) has the decomposition f = f0 + g , where
f0 ∈ B#01(X) and g ∈ C(X); hence
B#1 (X) = B#01(X) + C(X). (10)
(The above decomposition will allow us to reduce the proof of Theorem 1 to a simpler case, i.e., to consider only elements
of B#01(X).)
Let Uc(X) be the set of the functions f ∈ U (X) such that the restriction f |D( f ) is continuous (recall that in Remark 1 we
have agreed that f |∅ is continuous), and let U0(X) := { f ∈ Uc(X): f |D( f ) ≡ 0}. If X is a Baire space (e.g., if it is complete),
then for every f ∈ U (X) the set D( f ) is nowhere dense [11, Theorems 4 and 5] (cf. [7, p. 62]). The latter assumption on X
is essential, and the example below, illustrating this, is surely known: let X = {xn: n = 1,2, . . .} be the set of all rational
numbers endowed with the natural topology; then the function f of the form f (xn) = n has a closed graph with D( f ) = X .
Hence, U (X) = Uc(X), in general, and if X has the Baire property then D( f ) is a “small” subset of X . Despite of these “bad”
and “nice” properties of U (X), by the Tietze theorem (and by Lemma 1), for every metric space X the set Uc(X) has a
decomposition similar to B#1 (X) in (10):
Uc(X) = U0(X) + C(X). (11)
Let Q Uc(X) = Q (X) ∩ Uc(X). The next lemma complements partially Theorem 1.
Lemma 2. Let X be a separable metric space. Then
Q Uc(X) ⊂ Uc(X) ⊂ B#1 (X), (12)
yet Q U (R) ⊂ B#1 (R). Hence, U (R) ⊂ B#1 (R) and B#1 (R) = Q U (R) + Q U (R).
Proof. Since every discontinuous f ∈ Uc(X) fulﬁls axiom (t2) by deﬁnition, and f fulﬁls (t3) (see the end of the proof of
Lemma 1), the separability of X implies that f ∈ B#1 (X). This proves inclusions (12).
Set xn = −1/n, where n ∈ N, and consider the function f on R of the form
f (x) =
⎧⎪⎨
⎪⎩
0 if x 0,
1
−x−1 if x < −1,
1
xn+1−x if x ∈ [xn, xn+1), n = 1,2, . . . .
Then f (xn) = n · (n + 1) for all n’s, D( f ) = {xn: n ∈ N} ∪ {0}, and f has a closed graph and is quasicontinuous (as it is
continuous on (−∞,−1) and right-continuous on [−1,∞)), i.e., f ∈ Q U (R). Moreover, f fulﬁls conditions (t1) and (t3), yet
f /∈ B#1 (R) because the restriction f |D( f ) is discontinuous at 0. Hence Q U (R) ⊂ B#1 (R), as claimed. This immediately implies
the equality B#1 (R) = Q U (R) + Q U (R) is impossible. 
4. The proof of Theorem 1
By equality (10), we shall prove the equivalent (to (5)) inclusion
B#01(X) ⊂ Q U (X) + Q U (X) (5′)
is true. For this purpose, let us ﬁx a function f ∈ B#1 (X), and let f |D( f ) ≡ 0, i.e., f ∈ B#01(X). It is obvious we have to
consider only the case f discontinuous. We shall give below explicit formulas deﬁning two functions h1,h2 ∈ Q U (X) such
that f = h1 +h2. Both the functions are built by the use of a countable family L of open subsets of C( f ) = X \ D( f ), whose
properties are listed in Lemma 3 below.
To simplify notations, let, for a family F of nonempty subsets of X , the symbols KF and UF denote the sets
⋃
K∈F cl(K )
and
⋃
K∈F K , respectively.
The (key) lemma below is an extended version of [6, Lemma 3.3]; its proof follows the proof of Theorem 1.
Lemma 3. For every discontinuous function f ∈ B#1 (X) there exist inﬁnite families A, B of open subsets of X such that, for the familyL := A∪B we have:
(i) KL ⊂ C( f ) (i.e., cl(K ) ∩ D( f ) = ∅ for every K ∈ L; equivalently, KL ∩ D( f ) = ∅); in particular, UA and UB are open subsets
of C( f );
(ii) for every x ∈ C( f ) there is an open neighbourhood U of x such that U meets at most one element of the family {cl(K ): K ∈ L};
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lim
p→∞
∣∣ f (yp)∣∣= ∞;
in particular, the above equality holds for every convergent sequence (yp) ⊂ KL such that the limit limp→∞ yp is in D( f );
(iv) cl(G) ∩ cl(H) = ∅ for every pair of distinct elements G, H ∈ L; in particular, KA ∩ KB = ∅ and A∩B = ∅;
(v) D( f ) ⊂ cl(UA) ∩ cl(UB) = cl(KA) ∩ cl(KB) (notice that cl(UA) = cl(KA) and cl(UB) = cl(KB)).
We continue the proof of Theorem 1. Put f + = max{ f ,0}, f − = max{− f ,0}, F = D( f ), and W := F ∪ KL . To prove the
theorem we shall use the above Lemma 3 and two properties below of the sets KA , KB , and W , which will be veriﬁed in
the second part of this proof:
W = cl(W ), (13)
KA ∩ cl(KB) = KB ∩ cl(KA) = ∅. (14)
Let W denote a continuous function on X \ W of the form W (x) = 1/dist(x,W ). Now we deﬁne two functions h1,h2 by
the formulas:
h1(x) =
⎧⎨
⎩
f (x) for x ∈ KA,
0 for x ∈ KB ∪ F ,
f +(x) + W (x) for x ∈ X \ W ,
and
h2(x) =
⎧⎨
⎩
0 for x ∈ KA,
f (x) for x ∈ KB ∪ F ,
− f −(x) − W (x) for x ∈ X \ W .
We obviously have f = h1 + h2. We prove that both the functions h1,h2 are quasicontinuous with a closed graph. They are
continuous on the following open sets: on X \ W (by (13)), and on UA ∪ UB (by Lemma 3(i)). Since UA and UB are
dense in KA and KB ∪ W (by Lemma 3(v)), respectively, from the forms of h1 and h2 it follows both the functions are
quasicontinuous on the set W = KA ∪ KB ∪ F = KL ∪ F . Finally, h1,h2 are quasicontinuous on (X \ W ) ∪ W = X , as claimed.
To prove the graphs of h1,h2 are closed, let us ﬁx x0 ∈ X , and let xn → x0 and h j(xn) → α j ∈ R as n → ∞, j = 1,2. We
have to show α j = h j(x0), j = 1,2. Since the set X \ W is open, from the forms of h j , j = 1,2, it is enough to consider only
the following subcases of the case x0 ∈ W = KA ∪ (KB ∪ F ):
(a) x0 ∈ KA ,
(b) x0 ∈ KB ,
(c) x0 ∈ F .
Notice ﬁrst that
xn ∈ W for almost all n’s (15)
(otherwise |h j(xn)| W (xn) for inﬁnitely many n’s, whence
lim
n→∞
∣∣h j(xn)∣∣= ∞
for j = 1 or j = 2, a contradiction).
In subcase (a), α1 = f (x0) = h1(x0) because KA ⊂ C( f ) (see Lemma 3(i)). To prove α2 = h2(x0) = 0, it is enough to show
xn ∈ KA for almost all n’s. If this were not the case, by (15) we would have xn ∈ KB ∪ F for inﬁnitely many n’s, whence
x0 ∈ cl(KB ∪ F ) = cl(KB) ∪ F (because cl(F ) = F = D( f ): see Lemma 1). Hence, by (14) and Lemma 3(i), we would obtain a
contradiction:
x0 ∈ KA ∩
(
cl(KB) ∪ F
)= (KA ∩ cl(KB))∪ (KA ∩ F ) = ∅.
In subcase (b), xn ∈ KB for almost all n’s because, by (14) and Lemma 3(i) again, F ∩ KB = ∅ = cl(KA) ∩ KB . It follows
that h1(x0) = 0 = h1(xn) = 0 → 0 = α1, and h2(xn) = f (xn) → f (x0) = α2 (since x0 ∈ C( f ): see Lemma 3(i)), as n → ∞.
In subcase (c), notice that, by the forms of h1,h2 and the hypothesis that f |F ≡ 0, we have h1(x0) = 0 = f (x0) = h2(x0).
Further, h1 and h2 agree with f on KA and KB , respectively, and hence, by Lemma 3(iii), xn ∈ KA for a ﬁnite number of n’s
when we consider h1, and xn ∈ KB for a ﬁnite number of n’s when we consider h2. Finally, xn ∈ KB ∪ F for almost all n’s
for h1, and xn ∈ KA ∪ F for almost all n’s for h2. But then, since h1 and h2 vanish on KB ∪ F and KA ∪ F , respectively,
h j(xn) = 0 → 0 = h j(x0) = α j , j = 1,2, as n → ∞.
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α j ∈ R (as n → ∞), j = 1,2, imply α j = h j(x0), i.e., both the functions h1,h2 have a closed graph, as claimed.
The second part of Theorem 1 follows from the second part of Lemma 2.
The proof of inclusion (5′) is complete.
Now we come to proofs of conditions (13), (14), and Lemma 3.
Proof of condition (13). By Lemma 1, the set F = D( f ) is closed, whence cl(W ) = F ∪ cl(KL). Fix an element x ∈ cl(W ).
Without loss of generality we assume
x ∈ cl(KL) \ F =
(
cl(KL) ∩ C( f )
)
. (16)
We claim that (16) implies x ∈ KL , i.e., x ∈ cl(K ′) for some K ′ ∈ L (as this further follows that x ∈ W , and hence
cl(W ) = W ). Assume this is not the case: x /∈ cl(K ) for every K ∈ L. Since, by (16), x ∈ C( f ), Lemma 3(ii) implies there
is an open neighbourhood U of x such that, either U ∩ cl(K0) = ∅ for exactly one set K0 ∈ L, or U ∩ cl(K ) = ∅ for every
K ∈ L. Now let us put Ux := U \ cl(K0) in the ﬁrst case, and Ux := U in the second case. Then Ux is an open neighbourhood
of x with Ux ∩ KL = ∅. Hence we obtain x /∈ cl(KL), and this contradicts (16). Thus, our claim is true, and the proof of
condition (13) is complete. 
Proof of condition (14). Assume condition (14) is false, e.g., there is w ∈ KA ∩ cl(KB). Hence there exist: K ∈ A such
that w ∈ cl(K ), and a sequence (wr) in KB converging to x. By the pigeonhole principle, there are inﬁnitely many r’s
such that: (a) wr ∈ cl(H0) for some H0 ∈ B, or (b) wr ∈ cl(Hr), where Hr ∈ B and Hr′ = Hr′′ for r′ = r′′ . In case (a) we
obtain x ∈ cl(K ) ∩ cl(H0), which contradicts condition (iv) in Lemma 3. In case (b), by part (iii) of Lemma 3, we obtain
limr→∞ | f (wr)| = ∞, a contradiction with the continuity of f in x ∈ KA ⊂ C( f ). Hence, condition (14) cannot be false. 
Proof of Lemma 3. Let U be a nonempty subset of X , and let an element x ∈ X be ﬁxed. Then diam(U ) denotes the diameter
of X , and dist(x,U ) denotes the distance of x to U .
For our purposes we shall use the following notation: for a sequence (Un) of nonempty subsets of X we say that
(Un) converges to x, and we write
lim
n→∞Un = x,
whenever both the sequences, (diam(Un)) and (dist(x,Un)), converge to 0. A sample sequence (Un) in R is Un = (1/(n+ 1),
1/n), converging to 0.
Put F = D( f ). By Lemma 1 and property (t3), the set F is closed and its points are nonisolated. Let G be a countable
and dense subset of F . If F is countable, we set G = F . Write G = {xk}Mk=1, where xk = xn for k = n, and M = card(F ) for
F ﬁnite, and M = ∞ for F inﬁnite.
The main idea in constructing the class L consists largely in careful choosing sequences (U j(k))∞j=1 of open subsets
of C( f ) such that U (k)j → xk as j → ∞, and that | f (x)|  k + j on U (k)j for all j,k. The construction will depend on
mathematical induction, and will be done in three steps.
Step 1. Since the element x1 ∈ G is nonisolated in X , the restriction f |F is continuous, and limt→x1 | f (t)| = ∞, there exists
an inﬁnite sequence (t(1)j ) in C( f ) such that
t(1)j = t(1)m for j =m, (17)
lim
j→∞ t
(1)
j = x1, (18)
and
∣∣ f (t(1)j+1)∣∣> ∣∣ f (t(1)j )∣∣> 1+ j (19)
for all j’s. Let K (t, ε) denote the closed ball centered at t ∈ X with radius ε > 0. Since the set C( f ) is open, there is a
sequence of strictly positive numbers (ε(1)j ) with ε
(1)
j ↓ 0 as j → ∞, and such that
K
(
t(1)j , ε
(1)
j
)⊂ C( f ) for all j’s, (20)
and, by (17),
K
(
t(1), ε(1)
)∩ K (t(1)m , ε(1)m )= ∅ for j =m. (21)j j
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∣∣ f (x)∣∣> 1+ j for every x ∈ K (t(1)j , ε(1)j ) and for all j’s. (22)
Let us set now K1 := {U (1)j : j = 1,2, . . .}, where U (1)j := K (t(1)j , ε(1)j ), j = 1,2, . . . . The family K1 possesses the following
properties:
(a1) cl(U
(1)
j ) ⊂ C( f ) for every j = 1,2, . . . ,
(b1) | f (x)| > 1+ j for every x ∈ cl(U (1)j ) and every j = 1,2, . . . ,
(c1) cl(U
(1)
j ) ∩ cl(U (1)m ) = ∅ for j =m,
(d1) lim j→∞ cl(U (1)j ) = x1.
If M = 1, the construction of the class L is complete. Indeed, set L := K1, A := {U (1)2 j−1: j  1}, and B := {U (1)2 j : j  1}. It
is now obvious that the above properties (a1), (b1), (c1), and (d1) imply conditions (i), (iii), (iv), and (v), respectively, of
Lemma 3. We have to show condition (ii) of the lemma is satisﬁed too. Assume this is not the case: there is x0 ∈ C( f ) such
that, for every positive integer p, there exist distinct positive integers jp, j′p with
K
(
x0,
1
p
)
∩ cl(U (1)jp
) = ∅ = K
(
x0,
1
p
)
∩ cl(U (1)
j′p
)
. (23)
Notice that the sequences ( jp), ( j′p) are bounded (otherwise, we may assume there exists a sequence (up) such that, e.g.,
up ∈ K (x0, 1p ) ∩ cl(U (1)jp ) for all p’s, and limp→∞ up = x0; hence, since x0 is a continuity point of f , limp→∞ f (up) = f (x0),
but this contradicts the inequality in condition (b1)). Passing to subsequences, we may further assume both the sequences
are constant, whence U (1)jp = K and U
(1)
j′p
= L for all p’s, and, by (c1),
cl(K ) ∩ cl(L) = ∅. (24)
On the other hand, from (23) we obtain that
K
(
x0,
1
p
)
∩ cl(K ) = ∅ = K
(
x0,
1
p
)
∩ cl(L)
for inﬁnitely many p’s. Hence x0 ∈ cl(K )∩cl(L), which contradicts condition (24). The contradiction implies the condition (ii)
of Lemma 3 cannot be false. This ﬁnishes the proof of Step 1; and, at the same time, for M = 1, the proof of the lemma is
complete.
Step 2. Let M  2, and let us assume that, for a positive integer r < M , we have already constructed a countable family Kr of
open subsets of the space X of the form Kr = {U (i)j : i = 1, . . . , r; j  1}, that fulﬁls the four conditions below, corresponding
to the conditions for r = 1 obtained in Step 1:
(ar) cl(U
(i)
j ) ⊂ C( f ) for every j = 1,2, . . . , and every i = 1, . . . , r,
(br) | f (x)| > i + j for every x ∈ cl(U (i)j ), every j = 1,2, . . . , and every i = 1, . . . , r,
(cr) cl(U
(i1)
j1
) ∩ cl(U (i2)j2 ) = ∅ for (i1, j1) = (i2, j2), with i1, i2  r and j1, j2  1,
(dr) lim j→∞ cl(U (i)j ) = xi for i = 1, . . . , r.
We shall show now there is a family K(r+1) of open subsets U (r+1)j of X , where j = 1,2, . . . , such that, the family Kr+1 :=
Kr ∪K(r+1) fulﬁls the above four conditions when r is replaced by r + 1.
We argue similarly as in Step 1. Since the element xr+1 ∈ G \ {x1, . . . , xr} is nonisolated in X , there are two sequences:
(t(r+1)j ) in C( f ), and (ε
(r+1)
j ) in R, such that
t(r+1)j → xr+1 and ε(r+1)j ↓ 0 as j → ∞, (18′)
and, for all indices j,m 1,
K
(
t(r+1)j , ε
(r+1)
j
)⊂ C( f ) for all j’s, (20′)
K
(
t(r+1), ε(r+1)
)∩ K (t(r+1)m , ε(r+1)m )= ∅ for j =m, (21′)j j
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∣∣ f (x)∣∣> (r + 1) + j for every x ∈ K (t(r+1)j , ε(r+1)j ) and for all j’s. (22′)
Since xr+1 /∈ {x1, . . . , xr}, from condition (dr) and from the pigeonhole principle it follows that the intersection K (t(r+1)j ,
ε
(r+1)
j ) ∩
⋃Kr is not empty only for a ﬁnite number of j’s. Hence, there is j0 such that
K
(
t(r+1)j0+ j , ε
(r+1)
j0+ j
)∩
r⋃
i=1
∞⋃
j=1
cl
(
U (i)j
)= ∅ for j = 1,2, . . . . (25)
Put U (r+1)j := K (t(r+1)j0+ j ), j = 1,2, . . . , and K(r+1) := {U
(r+1)
j : j  1}. From the above conditions (18′), (20′), (21′), (22′),
and (25) it now follows that K(r+1) is the searched family of open subsets of X , i.e., such that the family Kr+1 := Kr ∪K(r+1)
fulﬁls the required conditions (ar+1), (br+1), (cr+1), and (dr+1).
We thus have proved that, for M  2, there is an increasing sequence K1 ⊂ K2 ⊂ · · · ⊂ Kr ⊂ · · · of countable classes of
open subsets of X , of the form as above, that fulﬁl, for each r, conditions (ar)–(dr). For M ﬁnite, the sequence is ﬁnite and
ends with r = M; and for M = ∞, by the mathematical induction, the sequence is inﬁnite countable.
Step 3. Now we set L :=⋃Mr=1Kr = {U (i)j : i, j  1}, A := {U (i)2 j−1: i, j  1}, and B := {U (i)2 j : i, j  1}. Similarly as in Step 1,
the properties (ar), (br), (cr), and (dr), respectively, imply conditions (i), (iii), (iv), and (v), respectively, of Lemma 3.
Moreover, arguments similar to those of the proof of condition (ii) in Step 1 (i.e., by the use of conditions (br) and (cr))
can be used to show that the condition
K
(
x0,
1
p
)
∩ cl(Uspjp
) = ∅ = K
(
x0,
1
p
)
∩ cl(Us′p
j′p
)
, p = 1,2, . . . , (sp, jp) =
(
s′p, j′p
)
, (23′)
for some x0 ∈ C( f ), is impossible. This proves condition (ii) of Lemma 3 is true too.
The proof of Lemma 3 is complete. 
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